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Abstract

Recently there have been advances in strat-
ified sampling techniques that attempt to
enforce equal distributions not only across
the design variables, but also onto the de-
sign space itself. This requires a numeri-
cally intensive optimization routine. Until
now, no optimization strategy was able to
distribute sample points evenly in the design
space, but Evolutionary Algorithms (EA) act
as an enabling technology to spread in such
a way that the minimum distance between
points is near ideal for the design space. The
proposed technique is applied to a standard
probabilistic analysis problem, a one-degree
of freedom oscillator simulating a blade near
harmonic resonance. The Evolutionary Pro-
gramming results compared to Latin Hyper-
cube Sampling indicate a better estimate
with a smaller confidence interval.

1 Introduction

A general trend in stratified sampling methods is to use
more intelligence in selecting sample locations rather
than resorting to brute force methods such as Monte
Carlo (MC). This approach is seen in the develop-
ment of Latin Hypercube Sampling (LHS) [1] and more
recently Distributed Hypercube Sampling (DHS)[2].
This paper outlines another attempt to intelligently
choose the sample points rather than leaving the pro-
cess completely random.
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The algorithm will then be applied to a standard prob-
abilistic analysis problem in the turbine engine com-
munity. The problem is a Single Degree of Freedom
(SDOF) Oscillator representing a turbine engine blade
under harmonic resonance.

A review of several sampling methods puts the current
work into perspective. The theory behind sampling
method evaluation of the integration of the probability
density function is also explained, with emphasis on
how the proposed method leads to better validity of
the equal area assumption.

The justification for employing Evolutionary Program-
ming as opposed to other optimization routines follows
the sampling method review. The overall flow of the
algorithm is explained, as is each independent opera-
tor in the routine. Sufficient information to reproduce
the results is presented as well.

The results of the algorithm are sets of sample points
for sampling the response space. The quality measure
is the confidence interval of the predicted probability
of failure and the Coefficient of Variation of minimum
distances between any two sample points. Finally, an
Analysis of Variance is conducted to show that the
differences between methods are likely real and not
due to a random variation of points selected from the
same distribution.

2 Problem Definition

A standard problem in probabilistic analysis for tur-
bine engines is the single degree of freedom oscillator
first defined by Griffiths et al[4], developed as part of
their work on probabilistic turbine engine blade de-
sign. An elementary damped spring oscillator, Figure
(1), under cyclic loading combines the stiffness, K, and
the mass, M, into a single parameter, w,, the blade
natural frequency at nominal rotational loading.
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Figure 1: One-Degree of Freedom Oscillator.

The loading, P, is periodic with amplitude, P, and
frequency of excitation, w.

P(t) = Pysinwt (1)

The derivation of the limit state function that follows
is the notation first used by Griffiths, but could be
derived using any basic dynamics reference such as one
by Rao [5]. An aerodynamic load generates the forcing
function at an M per revolution disturbance typical of
blade excitation due to inlet distortion or upstream
(downstream) stators. With N as the rotor speed in
revolutions per minute, the forcing frequency, in Hertz,
can be written as:

w=—— (2)

Finite Element Analysis (FEA) predicts the frequency
of the blades under the centrifugal loading as a func-
tion of rotational speed. Using the slope of this func-
tion at the nominal speed, N,om, a local approxima-
tion is made by a first order Taylor’s Series expansion.

Wn = Wn(Nnom) + SlOpC(N - nnom) (3)

The critical damping ratio, (, is the damping value,
C, divided by the value needed for critical damping,
Cerit, and the frequency ratio, 3, is the forcing fre-
quency divided by the natural frequency. With this
information, the steady state deflection amplitude is
of the form:
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Dividing by the numerator creates a non-dimensional
dynamic amplification factor, D. The design limit of
the blade is some percent, Y, of the nominal allowable
steady state displacement.

P0>
- . Dnom =Y. Pallown om (5)
<K nom

The variations of the forcing field as determined by
Computational Fluid Dynamics change the load fac-
tor, LF', just as changes in the mode shape are deter-
mined by Finite Element Analysis are accounted for in
the mode shape factor, M SF. These factors multiply
the values of Py and K respectively:

L)

_ (B LF.
7 _< )nom LF-MSF (6)

K

The limit state function, p, is the difference between p
and p allowable, or non-dimensionally as ¢:

D(Na Wn,y SlOp@, C) Pallown om
Dnom Pallow
= g(wna Ca Pallow> N7 SlOpC, LF7 MSF) (7)

Y.-LF-MSF - -1

When p exceeds p allowable, the function is greater
than zero and the blade fails. Equation (7), the limit
state function, is dependent on the seven variables in
the problem: Wn, C: Pallow N: SlOp@, LF: MSF.

Table 1: Design Variable Distributions

Variable Type 5 o Nominal
Wn Normal 1975 25 1950
¢ Log Norm 0.0025 0.0002  0.0025
Pallow Normal 15 1.5 15
N Normal 9200 100 9200
Slope Normal 0.1 0.01
LF Normal 1 0.13
MSF Normal 1 0.13
m None 13
Y None 20%

The distributions of the design variables are shown in
Table 1. The “Type” column refers to the distribu-
tion type with mean p and standard deviation o. The
nominal value is shown for those variables where it is
needed and is usually the mean value. However the
nominal blade natural frequency is not the mean due
to the manufactured blades having a frequency biased
from the design frequency. When the system variables
are described as this, the problem has a probability
of failure of 17.06%, as determined by a Monte Carlo
analysis with one million realizations.
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3 Stratified Sampling

Stratified sampling methods are a way to get a smaller
confidence interval with a similar number of samples.
If these methods can be optimized an even smaller
confidence interval is produced for the same number
of computations. The proposed method, Optimized
Stratified Sampling (OSS), outlines an algorithm to
accomplish this.

Probabilistic analysis predicts the probability of fail-
ure, py, hopefully including an estimate of the error,
through integration of the joint probability distribu-
tion, f(z), across the failure region, :

pf = /Q flz)dz (8)

Although there are several classes of methods to de-
termine this probability, such as Fast Probability In-
tegration FPI methods [8] or Mean-Based Reliability
Methods [10], Fox shows that there is not an estab-
lished method of estimating the error for these classes
[3]. This is a major detriment since an analysis de-
signed to a small margin may be an unsafe design if
there is no error estimation. Sampling methods are
better since they are an unbiased failure probability
estimator, converge to the answer, and provide error
estimate as well.

3.1 Stratified Sampling Methods

Monte Carlo techniques require a large number of sam-
ples in order to converge to the correct probability.
This precludes any analysis that has a long limit state
function evaluation time. Stratified sampling methods
converge much more quickly [9] by subdividing each
design variable into n equal probability bins. Further
the sample set is constrained to one sample per bin
enforcing the exact distribution over each design vari-
able. Samples appear proportional to the distribution
of a converged Monte Carlo analysis. Therefore, these
methods are also known as Quasi-Monte Carlo (QMC)
methods [13]. QMC methods maintain the benefits of
sampling methods (e.g. unbiased estimate) while con-
verging more quickly.

An equivalent integration of Equation (8) is to inte-
grate over the entire space, but multiplying by a step
function, H, of the limit state equation, g, that defines
failure. If the system fails the step function evaluates
to one, otherwise the step function is zero. This trans-
formation is in Equation (9).

/ f@)H (g(z)dz (9)
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Sample methods evaluate this integral by weighting
individual sample points by their respective area rep-
resentation, A, as shown Equation (10).

n

D H(g(e) Ale) =t (10)

Since the sample point locations are not known a, pri-
ori, each point is assumed to have equal area represen-
tation. The entire probability area is equal to 1 with n
sample points, so each weighting is assumed to be %
Since the weighting is no longer a function of the sam-
ple point it can be pulled out of the summation. The
sum of the step function also collapses to the number
of failure points, ny, because all failures evaluate to
one and non-failures are equal to zero. The overall es-
timate of the failure probability is therefore Equation
(10).

All sampling methods use this same method to cal-
culate the estimate of the failure probability regard-
less of the method to obtain the sample point loca-
tions. There are several methods to obtain those sam-
ple points such as Latin Hypercube Sampling, Dis-
tributed Hypercube Sampling, and the proposed Op-
timized Hypercube Sampling.

3.1.1 Latin Hypercube Sampling

Latin Hypercube Sampling (LHS), first outlined by
McKay et al [1], uses only the constraint on the sin-
gle sample point per bin. The failure probability es-
timate converges quickly with number of samples and
is widely used for probabilistic analysis. The theory
is similar to Gaussian integration in that the space
is completely evaluated by weighted results from sin-
gle points. The weight for each point is equal since
the volume represented by each sample is randomly
distributed. When the points are more equally dis-
tributed, the variation in hypervolume representation
decreases and the equal weighting assumption becomes
more valid.

3.1.2 Distributed Hypercube Sampling

Distributed Hypercube Sampling (DHS) [2] adds a sec-
ond constraint, advancing the idea that the points
must be well distributed by constraining the sample
set when projected onto a two-dimensional face of the
hypercube. The term well distributed was defined as
having a low coefficient of variation, COV', of the mini-
mum distance between sample points. The added con-
straint increases the quality of the response as can
be seen in a decrease in the confidence interval size.
However the distribution in the volume of the design
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space is still not addressed, leaving all optimization to
the surface projection. Additionally the COV is re-
duced, but all points may be closely grouped together
and the equal area representation assumed by all sam-
pling methods is not valid possibly leading to poor
estimates.

3.1.3 Optimal Stratified Sampling

Making the set evenly distributed on the edges and
surfaces of the hypercube shrinks the uncertainty as
shown by DHS. It follows that if the same constraint
is applied to the hypercube volume rather than edges
the benefit would increase. Just as LHS ignores hy-
percube surface distributions, DHS ignores hypercube
volume distributions, leaving the gap that Optimized
Stratified Sampling (OSS) fills.

Additionally, the proposed method requires a con-
straint that the minimum distance between points
should be equal to an optimum distance based on per-
fect equal hypervolume representation by each sample
point. The optimum is determined by Equation (11),
where n is the number of bins and m is the number of
dimensions.

volume = n™

volume n™

point T
n

T (1)

dopt =

The jump from volume per point to the distance is a
mathematically imprecise leap, taking the m root of
the volume per point to find the edge length a hyper-
cube of that volume. However imprecise, the resulting
set is well distributed and spans the design space.

One method of measuring the distribution fitness es-
tablished by [2] is the covariance of the minimum dis-
tance between points. The fitness of sample sets gen-
erated by the proposed method is also evaluated by
this method.

4 Evolutionary Programming
Algorithm

The proposed method uses Evolutionary Programming
to optimize the sample set since alternative methods
fall short in at least one area.

The primary alternative optimization routine is a gra-
dient based scheme. Although the landscape is smooth
for small changes, larger shifts are highly nonlinear and
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the gradient method fails. Additionally, the computa-
tion time for the gradients is high and since gradient
is only valid for small changes, many gradients must
be calculated in the course of optimization. EP uses
the smooth behavior to make small changes without
the expense of gradient calculations.

Another option is to use complete deterministic search.
No deterministic method could search the whole space,
which for our sample problem of 100 bins and 7 dimen-
sions has a huge number of combination to search.
Specifically the number of possible solutions is n™
choose n, which grows quickly with respect to increases
in either bins or dimensions. The number of evalua-
tions for the EP method is dependent only on the pop-
ulation size and generation count. These can be held
to acceptable levels to prevent excessive computation
costs.

A third option is a partial deterministic search. How-
ever this does not use the information from previous
evaluations to affect the following samples. Without
that intelligence the method is more inefficient and
would presumably produce less optimal results in gen-
eral. EP uses the best previous set to build the next set
from, not losing the benefit of previous calculations.

A piecewise partial deterministic search would find
consecutive points by a partial deterministic search.
This has a large drawback of removing degrees of free-
dom from the design until there is only a single loca-
tion left for the last sample point regardless of that
points fitness. EP allows movement in all points at
each iteration, avoiding that problem.

The decision to use EP over other EA methods is based
on the fact that they do not fail where these alterna-
tives do. Although the simplicity can cause EP to
become trapped in a local minimum, the search land-
scape is relatively smooth and monotonically increas-
ing in fitness so that hindrance should not be in issue
in this problem.

The basis of the EP method is that the child gener-
ation is generated using only mutation, leaving out
recombination and repair operators. Additionally, it
would seem that recombination would be detrimental
to the sample set. The fitness function is dependent
equally on all points in the set. Recombination would
destroy these sets while mutation only effects a small
percentage of the data.

4.1 Data Structure

Each chromosome is a two-dimensional array, a, m,
with length n, the number of bins, and width m, the
dimensionality of the design space. Each sample point
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is a row with the integer bin number for that dimension
in the corresponding column. In the example shown in
Table 2, the first sample point would be found in bin
41 for the first dimension, bin 34 for the second, etc.

Table 2: Data Structure

1 2 ... m
1141 34 ... 86
2162 12 ... 70
318 42 ... 31
105 59 ... 97
n|22 8 ... 15

4.2 Operators

The algorithm structure is shown in Figure (2) as a
flowchart beginning with initialization of the popula-
tion by random creation. These members are evalu-
ated by the objective function then each member pro-
duces several children by means of mutation. Note
that no encoding or decoding functions are needed for
fitness function evaluation in the algorithm since the
genotype and phenotype are integer values of the same
form. The children are evaluated with the best surviv-
ing to reproduce again. That loop continues until some
generation count is reached and a final optimized so-
lution exists. Each of these parts will be introduced
and described in the following sections.

Initialize

Find Closest
Neighbor
Evaluate < l

Sum Fitness

Select Elite FUnCltlo ns
Assign
Mutate Mutation

Selectees Probability

Figure 2: Operator Flowchart

The Evolutionary Programming parameter values
used in the analysis can be found in Table 3. The
small population size combined with elitism is an effort
to best utilize the smooth response by continuing any
better children. The fitness values are believed to con-
verge after 500 generations, which is validated in the
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Table 3: Evolutionary Programming Parameter Values

Parameter Symbol  Value
Population size 5 2
Children A 10
Generations tmaz 500
Mutation rate Dm 1/n
Bin count n 10
Dimensionality m 7

convergence subsection (5.2). The mutation rate is set
to an expected single mutation per dimension. These
parameters are applied to the one degree of freedom
oscillator example so there are 10 bins and 7 dimen-
sions.

4.2.1 Initialization operator

The initialization operator generates sample popula-
tions by randomly choosing the elements of each di-
mension of the array without repetition until that col-
umn in the data array is filled. The result is a feasible
set of sample points that undergoes fitness evaluation
and becomes the parents for all future members. Since
the next steps in the algorithm are evaluation and se-
lection, the number of initial population members is
actually A rather than p. This allows for greater diver-
sity in the initial population, hopefully meaning better
initial fitness values.

4.2,2 Evaluation operator

The evaluation operation assesses the sample set us-
ing the objective function, Equation (12), which both
minimizes the variance of the minimum distance be-
tween points. This is accomplished by minimizing the
square difference between the optimal distance, Equa-
tion (11), and the minimum distance. Therefore a sin-
gle objective function works to fulfill both objectives
since making all the distances optimal also reduces the
covariance of the distances as well.

#(a(0) =3 (minfa(0)s. ~ a0 | - =) (12

J=lu

There are three main elements of the evaluation opera-
tion. The first aspect is finding the minimum distance
to another sample location. The second takes utilizes
that distance information and finds the fitness value
for each population member. The third step is assign-
ing a mutation probability to each point.
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The first step, finding the closest point, is the sin-
gle most computationally expensive aspect of the al-
gorithm, so efforts are taken to reduce this cost. For
example, when the distance from one point to another
is calculated, that information is stored for use calcu-
lating the reverse distance, roughly reducing the com-
putation time by half.

The second step is evaluating the fitness value, a func-
tion of the distances found in the first step. The objec-
tive function, Equation (12), is the sum of the square
of the difference of the minimum distance and the op-
timum distance.

The third step is using the minimum distance informa-
tion to define a probability of mutation to each sample
location. The goal is to have a more fit function, so
points are assigned a mutation probability based on
the amount it adds to the fitness function. The prob-
ability comes from quadratic dynamic scaling. Each
point is fit to a function such that the least fit function
has a unit value and the most fit has zero probability.
Further, the slope at the most fit point is zero so all
points with values close to the most fit have near zero
probabilities as well.

4.2,3 Mutation Operator

The mutation operation, a simple transposition oper-
ation defined by Simées in [7], varies the parent popu-
lation creating the children though asexual reproduc-
tion. Each surviving parent produces the same number
of children implying A, number of children, must be a
multiple of g, number of parents. The overall prob-
ability of mutation is the inverse of the cell number,
making the expected value of the binomial distribution
to be one mutation per dimensions. Once the number
of discrete swapping events is defined by selection from
a binomial distribution, the points at which the swap-
ping occurs is chosen probabilistically based on the
quadratic scaling done in the evaluation step and the
values are exchanged.

4.2.4 Selection Operator

The selection operation is of (1 + A) formation, group-
ing the parent and child generations together for se-
lection. They are ranked based on the fitness func-
tion and the p fittest members are deterministically
selected for survival. Other selection methods such
as weighted random selection, but forcing the solution
through elitism seemed to have few detriments for the
faster convergence.
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5 Results and Analysis

The heart of the matter is whether the proposed
method produces better results than previous methods
in an acceptable runtime !. Convergence is a very im-
portant aspect of the algorithm, for if the EA did not
converge or converged to an unacceptable fitness value
the results gained from that sample set are of limited
value. The benefit is shown by hypothesis testing and
analysis of variance.

5.1 Experimental Design

The experiment is designed to show the benefit of the
new technique over other alternatives as it would be
applied in an actual design problem. The procedure
begins with the calculation of the sample points in the
Optimized Stratified Sampling. Individual sets of n
samples points define a sample design. Each design
is evaluated several times to account for the random
locations in the selected sample bins. The standard
deviation of the probability estimates provides the in-
formation for the confidence interval. The experiment
will compare the Coefficient of Variation of the mini-
mum neighbor distances and the standard deviations
of failure probability estimates for the optimized de-
signs versus Latin Hypercube Sampling.

5.2 Convergence

Convergence, visualized by plotting the fitness ver-
sus generation, generally slows as the fitness improves
since it takes longer to find a better solution. Figure
(3) presents the fitness for the minimum maximum
and mean convergence for the ten designs versus the
logarithm of the generation. The logarithm is used be-
cause it allows changes in the convergence rate to be
seen more easily.

Figure (3) shows that towards the end of the analysis
the slopes generally decrease showing that the solu-
tions have converged. Convergence is not sufficient for
a good solution because an algorithm can converge to
a suboptimal solution. For example, if the mutation
rate is too high, the better sample sets might not be
found because too many mutations occur.

To check if the converged solution has reached a value
near that which was hoped, the COV values are com-
pared to the COV from DHS. They range from 0.003
to 0.016 as compared with 0.083 for DHS [2], so the
convergence value seems appropriate. The minimum,

!The algorithm was run on a Hewlett-Packard Pavil-
ion desktop computer running Windows98 with a 550MHz
Pentium IT processor with MMX and 64MB RAM.
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Fitness Vale

Figure 3: Fitness Convergence

maximum, and mean value plot of the COV is shown
in Figure (4).

Figure 4: COV Convergence

5.3 Confidence Interval

The example problem used two methods for prediction
of failure probability: Latin Hypercube and Optimized
Stratified Sampling. DHS was not used because the
algorithm was not available to the author, although
results are compared to metrics published previously.
All methods use 1000 function evaluations, 100 runs
(10 designs, 10 times each) of 10 evaluations each. The
goal is to determine if the new method reduces the size
of the confidence interval.

Equation (13) generates a confidence interval based
on repeated estimates of the mean as can be found in
any standard basic statistics book [12]. The standard
deviation of estimates of the mean is o and n is the
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number of estimates.

Conf = 1.96-— (13)

vn
Table 4 shows the final estimate of the mean and the

associated confidence interval for the different methods
after 1000 limit state function evaluations.

Table 4: Result Data

Statistic LHS 0SS
Mean (p) | 17.5% 18.0%
Conf. Int. | 2.60% 2.27%

The change from LHS to OSS lead to a 13% decrease
in Confidence Interval. To determine if this decrease
is meaningful or likely due to random variations an
Analysis of Variance must be applied.

5.4 ANOVA Results

The Analysis of Variance (ANOVA) shows that there
is a significant difference in the OSS over the LHS
method. The ratio of the variances for the two meth-
ods is compared to the F tables to see if the difference
is significant. Both the method variances have ninety-
nine degrees of freedom based on the one-hundred
statistics minus one for the mean probability of failure.
The F-value, Table 5, corresponds to a confidence level
for the null hypothesis that the variances are different
of 91.1% confidence.

Table 5: ANOVA Values

Source | o F-Value
0SS 1.345E-2 1.312
LHS 1.765E-2

The significant reduction in variance is due to the good
distribution of sampling points in the design space
through use of EP. The better distribution improves
the assumption of equal weighting of sample points.
The COV of the OSS method is significantly lower
than published values for the DHS, even with the opti-
mization applied to the volume rather than the surface
of the design space.

6 Conclusions

The proposal of Optimized Stratified Sampling for
choice of sample points follows the current trend in
stratified sampling methods of imposing more con-
straints on the sample set so the points are more
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evenly distributed. The goal of even distribution is
to make the equal weighting assumption of the inte-
gration method more valid. Previously there was no
method of optimizing the sample set within a design
space that is too big to search deterministically and
has no gradient information. Evolutionary Program-
ming acts as an enabling technology that allows opti-
mization where it could not be before.

The method implemented on the standard probabilis-
tic analysis problem of a one-degree of freedom model
of harmonic resonance converged to a distribution that
is much better than alternate methods. This results
in a better estimate of the probability of failure and s
smaller confidence interval about that estimate.

It seems that the landscape assumption is not invali-
dated by the data. Elitism helps convergence and does
not seem to produce traps at local minima.

Many times the cost of performing function evalua-
tions in a probabilistic analysis is extremely high, al-
most prohibitive. The method described in this paper
makes an effort to get the most information out of the
evaluations that are performed. This method uses a
small amount of computation before the probabilistic
evaluation to achieve an improved confidence interval
with acceptable computation times.

The algorithm is written in MATLAB and runs very
quickly on moderate to high-speed desktop computers
making it only a minimal cost to the developer. The
recommendation for future analysis would be to run
the algorithm on a fast desktop system. Current pro-
cessors often outperform many SGI systems for single
processor calculations. A moderate speed (1GHz) Pen-
tium IIT or better processor often outperforms 300MHz
SGI R12000 processors for single processor computa-
tion.

There is still an opportunity for improvement on the
algorithm. The proposed method minimizes the vari-
ance of minimum distances in the volume of the cube
and enforces uniform sampling in each dimension. It
should be possible to enforce uniform distribution on
each surface of the hypercube as well. This would at-
tempt to insure that the projections onto each lower
dimension are distributed as well as possible instead
of just the highest and lower level.
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Abstract

This paper proposes a technique in which do-
main knowledge obtained from the search is
used to improve the performance of evolu-
tionary programming. Our approach is based
on the concept of a cultural algorithm and
is applied to constrained optimization prob-
lems in which a map of the feasible region
is used to guide the search more efficiently.
Our implementation uses 2"-trees to store
more efficiently this map of the feasible re-
gion. Our results indicate that the approach
is able to produce very competitive results
(we compared our results with respect to the
homomorphous maps) at a considerably low
computational cost.

1 INTRODUCTION

Evolutionary Computation (EC) techniques have be-
come increasingly popular in the last few years. This
popularity is mainly due to the fact that EC techniques
have been able to successfully solve a wide variety of
complex problems [8].

However, EC techniques are normally used as “blind
heuristics” in the sense that no specific domain knowl-
edge is used or required. Nevertheless, several re-
searchers have proposed different mechanisms to ex-
tract knowledge (or certain design patterns) from an
evolutionary algorithm to improve convergence of an-
other one (e.g., [23, 14]).

In this paper, we propose the use of a biological
metaphor called “cultural algorithm” as a global op-
timization technique. Cultural algorithms are based
on the following notion: in advanced societies, the im-
provement of individuals occurs beyond natural selec-
tion; besides the information that an individual pos-

seses within his genetic code (inherited from his an-
cestors) there is another component called “culture”.
Culture can be seen as a sort of repository where in-
dividuals place the information acquired after years of
experience. When a new individual has access to this
library of information, it can learn things even when
it has not experienced them directly. Humankind as a
whole has reached its current degree of progress mainly
due to culture.

In this paper, we propose an approach in which domain
knowledge (using the concept of cultural algorithm)
extracted during a run of an evolutionary algorithm is
used to guide the search more efficiently in constrained
optimization problems [18, 3].

2 NOTIONS OF CULTURAL
ALGORITHMS

Some social researchers have suggested that cul-
ture might be symbolically encoded and transmitted
within and between populations, as another inheri-
tance mechanism [6, 20]. Using this idea, Reynolds
[21] developed a computational model in which cul-
tural evolution is seen as an inheritance process that
operates at two levels: the micro-evolutionary and the
macro-evolutionary levels.

At the micro-evolutionary level, individuals are de-
scribed in terms of “behavioral traits” (which could
be socially acceptable or unacceptable). These be-
havioral traits are passed from generation to genera-
tion using several socially motivated operators. At the
macro-evolutionary level, individuals are able to gen-
erate “mappa” [20], or generalized descriptions of their
experiences. Individual mappa can be merged and
modified to form “group mappa” using a set of generic
or problem specific operators. Both levels share a
communication link. Reynolds [21] proposed the use
of genetic algorithms to model the micro-evolutionary
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process, and Version Spaces [19] to model the macro-
evolutionary process of a cultural algorithm.

The main idea behind this approach is to preserve be-
liefs that are socially accepted and discard (or prune)
unacceptable beliefs. Therefore, if we apply a cultural
algorithm for global optimization, then acceptable be-
liefs can be seen as constraints that direct the popula-
tion at the micro-evolutionary level [16].

3 PREVIOUS WORK

Reynolds et al. [22] and Chung & Reynolds [2] have
explored the use of cultural algorithms for global op-
timization with very encouraging results. Chung and
Reynolds [2] use a hybrid of evolutionary program-
ming and GENOCOP [17] in which they incorporate
an interval constraint-network [4] to represent the con-
straints of the problem at hand. An individual is con-
sidered as “acceptable” when it satisfies all the con-
straints of the problem. When that does not happen,
then the belief space, i.e., the intervals associated with
the constraints, is adjusted. This approach is really
a more sophisticated version of a repair algorithm in
which an infeasible solution is made feasible by replac-
ing its genes by a different value between its lower and
upper bounds. Since GENOCOP assumes a convex
search space, it is relatively easy to design operators
that can exploit a search direction towards the bound-
ary between the feasible and infeasible regions.

In more recent work, Jin and Reynolds [11] proposed
an n-dimensional regional-based schema, called belief-
cell, as an explicit mechanism that supports the ac-
quisition, storage and integration of knowledge about
non-linear constraints in a cultural algorithm. This
belief-cell can be used to guide the search of an EC
technique (evolutionary programming in this case) by
pruning the instances of infeasible individuals and pro-
moting the exploration of promising regions of the
search space. The key aspect of this work is precisely
how to represent and save the knowledge about the
problem constraints in the belief space of the cultural
algorithm.

The idea of Jin and Reynolds’ approach is to build
a map of the search space similar to the “Divide-and-
Label” approaches used for robot motion planning [13].
This map is built using information derived from eval-
uating the constraints of each individual in the popu-
lation of the EC technique. The map is formed by di-
viding the search space in sub-areas called cells. Each
cell can be classified as: feasible (if it lies completely
on a feasible region), infeasible (if it lies completely on
an infeasible region), semi-feasible (if it occupies part
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of the feasible and part of the infeasible regions), or
unknown (if that region has not been explored yet).
This map is used to derive rules about how to guide
the search of the EA (avoiding infeasible regions and
promoting the exploration of feasible regions).

4 CONSTRAINED OPTIMIZATION

In this paper, we use cultural algorithms with evolu-
tionary programming (CAEP) [2]. The basic idea is to
“influence” the mutation operator (the only operator
in evolutionary programming) so that current knowl-
edge about the properties of the search space can be
properly exploited.

In a cultural algorithm there are two main spaces:
the normal population adopted with evolutionary pro-
gramming and the belief space. The shared acquired
knowledge is stored in the belief space during the evo-
lution of the population. The interactions between
these two spaces are described as follows [2]:

1. Select an initial population of p candidate solu-
tions, from a uniform distribution within the given
domain for each parameter from 1 to n.

2. Assess the performance score of each parent solu-
tion by a given objective function f.

3. Initialize the belief space with the given problem
domain and candidate solutions.

4. Generate p new offspring solutions by applying a
variation operator, V', as modified by the influence
function, Influence. Now there are 2p solutions in
the population.

5. Assess the performance score of each offspring so-
lutions by the given objective function f.

6. For each individual, select ¢ competitors at ran-
dom from the population of size 2p. Conduct pair-
wise competitions between the individual and the
competitors.

7. Select the p solutions that have the greatest num-
ber of wins to be parents for the next generation.

8. Update the belief space by accepting individuals
using the acceptance function.

9. Go back to step 4 unless the available execution
time is exhausted or an acceptable solution has
been discovered.

Most of the steps previously described are the same
as in evolutionary programming [7]. The acceptance
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function accepts those individuals that can contribute
with their knowledge to the belief space. The update
function creates the new belief space with the beliefs
of the accepted individuals. The idea is to add to the
current knowledge the new knowledge acquired by the
accepted individuals.

The function to generate offspring used in evolutionary
programming is modified so that it includes the influ-
ence of the belief space in the generation of offspring.
Evolutionary programming uses only mutation and the
influence function indicates the most promising muta-
tion direction. The remaining steps are the same used
in evolutionary programming.

For unconstrained problems, Chung [1] proposes the
use of two types of knowledge: (1) situational, which
provides the exact point where the best individual of
each generation was found; and (2) normative, which
stores intervals for the decision variables of the prob-
lem that correspond to the regions where good results
were found.

5 BELIEFS AS CONSTRAINTS

As we mentioned before, Jin and Reynolds [11] modi-
fied Chung’s proposal as to include in the belief space
information about feasibility of the solutions. We will
explain next the changes performed in more detail,
since our current proposal is an extension of Jin &
Reynolds’ algorithm.

First, Jin and Reynolds eliminated the situational
knowledge and added constraints knowledge. Taking
advantage of the intervals of good solutions that are
stored in the normative portion of the belief space,
they created what they called “belief cells”. These be-
lief cells are a subdivision of the search space within
the intervals of good solutions, such that feasibility of
the cells can be determined. When the intervals of the
variables are modified, the cells are also modified. As
indicated before, there are 4 types of cells (see Fig-
ure 1)!: (1) feasible, (2) infeasible, (3) semi-feasible
(contain part of both areas) and (4) unknown.

The influence that the belief space has on the gener-
ation of offspring consists of moving individuals that
lie on infeasible cells towards feasible cells. Actually,
in this process, semi-feasible cells are given preference
because in most difficult constrained problems, the op-
timum lies on the boundary between the feasible and
infeasible regions. However, Jin & Reynolds [11] do
not modify the rules used to update the normative

1Other authors have also proposed the use of a map of
the feasible region. See for example [15].
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Figure 2: Graphical representation of the division of
the semi-feasible cells.

part of the belief space proposed by Chung [1]: the in-
tervals are expanded if the accepted individuals do not
fit within them; conversely, they are tightened only if
the accepted individuals have a better fitness. This
may reduce the intervals towards infeasible regions in
which the objective function values are higher.

6 PROPOSED APPROACH

The approach proposed here is a variation of Jin &
Reynolds’ technique [11]. However, in our case, we
incorporate spatial data structures (2"-trees) in order
to store the map of the feasible region more efficiently.
Next we will describe the main differences between tra-
ditional evolutionary programming and our approach.

6.1 INITIALIZATION OF THE BELIEF
SPACE

The lower and upper boundaries of the promising in-
tervals for each variable are stored in the normative
part of the belief space, together with the fitness for
each extreme of the interval. This part is initialized
putting in the boundaries of the variables the values
given in the input data of the problem. The initial
fitnesses in all cases are set to +002.

Regarding the constraints of the problem, the inter-
val given in the normative part is subdivided into s
subintervals such that a portion of the search space is
divided in hypercubes (see Figure 2). The following
information of each hypercube is stored: number of
feasible individuals (within that cell), number of in-
feasible individuals (within that cell), and the type of

2This is assuming a minimization problem.
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Figure 1: The figure at the left illustrates the feasible region of a problem. The figure at the right illustrates
the representation of the constraints part of the belief space for the search space of the same problem. In this
example, the intervals stored in the normative part must be [0.6, 2.6] for z;, and [3, 5] for z3.

region. The type of region depends on the feasibility
of the individuals within. Four types are defined:

o if feasible individual s = 0 and
infeasible individuals = 0, then cell type =
unknown

o if feasible individuals > 0 and
infeasible individuals = 0, then cell type =
feasible

o if feasible individuals = 0 and
infeasible individuals > 0, then cell type =
infeasible

o if feasible individuals > 0 and

infeasible individuals > 0, then cell type =
semi — feasible

To initialize this part, all counters are set to zero and
the cell type is initialized to “unknown” (other values
could be used in this case, but that would obviously
affect the performance of the algorithm).

6.2 UPDATING THE BELIEF SPACE

The constraints part of the belief space is updated at
each generation, whereas the normative part is up-
dated every k generations. The update of the con-
straints part consists only of adding any new individu-
als that fall into each region to the counter of feasible

individuals. The update of the normative part is more
complex (that is the reason why it is not performed at
every generation). When the interval of each variable
is updated, the cells or hypercubes of the restrictions
part are changed and the counters of feasible and in-
feasible individuals are reinitialized. Furthermore, this
update is done taking into consideration only a por-
tion of the population. Such a portion is selected by
the function accept(), taking as a parameter (given by
the user) the percentage of the total population size
to be used.

In the approach proposed in this paper, the condi-
tions to reduce the intervals are stronger: an interval
is reduced only if the accepted individual has a better
fitness AND it is feasible. In order to make this mech-
anism work, it is necessary to modify the acceptance
function so that feasible individuals are preferred and
fitness is adopted as a secondary criterion. If this is not
done, then the condition for interval reduction will not
hold most of the time because the accepted individuals
are more likely to be infeasible.

6.3 INFLUENCE OF BELIEFS IN THE
MUTATION OPERATOR

Mutation takes place for each variable of each indi-
vidual, with the influence of the belief space and in

accordance with the following rules:

e If the variable j of the parent is outside the in-
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terval given by the normative part of the con-
straints, then we attempt to move within such
interval through the use of a random variable.

e If the variable is within a feasible, a semi-feasible
or an unknown hypercube, the perturbation is
done trying to place it within the same hypercube
or very close to it.

e Finally, if the variable is in an infeasible cell, we
try to move it first to the closest semi-feasible cell.
However, if none is found, we try to move it to the
feasible or unknown closest cell. If that does not
work either, then we move it to a random position
within the interval defined by the normative part.

6.4 TOURNAMENT SELECTION

The rules for updating the belief space may produce
that knowledge becomes specialized at a slower rate.
To improve the speed of the algorithm, we take advan-
tage of the rules for performing tournament selection.
After performing mutation, we will have a population
of size 2p (p parents generate p children). Tournament
is performed considering the entire population (i.e., we
use (u + A) selection). Tournaments consist of ¢ con-
frontations per individual, with the ¢ opponents ran-
domly chosen from the entire population. When the
tournaments finish, the p individuals with the largest
number of victories are selected to form the following
generation. The tournament rules adopted for the cur-
rent proposal are very similar to those adopted by Deb
in his penalty approach based on feasibility [5]. How-
ever, unlike Deb’s approach, in our case, we never add
violated constraints (as normally done with penalty-
based approaches).

The new tournament rules adopted by our approach
are the following:

1. If both individuals are feasible, or both are in-
feasible, then the individual with the best fitness
value wins.

2. Otherwise, the feasible individual always wins.

6.5 USE OF 2"-TREES

One of the main drawbacks of Jin & Reynolds’ ap-
proach [11] is its intense memory usage. Since the
belief maps of each decision variable has to be stored,
the approach runs out of memory very fast and can-
not possible handle problems with more than a few
decision variables (memory requirements grow expo-
nentially with the number of decision variables of the
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problem). This led us to develop a scheme in which 2"-
trees are used to partition the feasible region in cells so
that with higher-dimensionality problems the memory
usage is not exponentially increased. The idea was in-
spired by the popularity of spatial data structures to
store efficiently navigation maps in robotics [13] and to
represent efficiently 3D objects in computer graphics
[10].

In order to be able to use 2™-trees within our imple-
mentation, we have to partition only the projection of
the search space in some dimensions, since 2"-trees
have practical use only when n < 4, where n cor-
responds to the number of decision variables of our
problem [13]. An example of how to partition a 2D
space using a quadtree with a depth of 2 is shown in
Figure 3.

Note that the decision of how to partition decision vari-
able space as to comply with this restriction is very
important since the number of nodes used may be in-
cremented rather than reduced! For example, if an
octree is adopted, using a node division we will divide
three dimensions and our tree will have 23 +1 = 9
nodes in total. However, if we use a tree that divides
only one dimension and through 3 successive divisions
we partition a 3D space, the leaf nodes will have the
same result that the octree but using 15 nodes.

From the previous discussion we can infer that we
should use a 2"-tree with the largest possible n, but
being careful of not using too much memory. Our con-
jecture is that n = 3 is the largest number with which
the problem remains manageable.

Once the number of dimensions to be partitioned has
been decided, we have to decide which are the dimen-
sions to be partitioned. The idea is to choose the 3D
projection that best divides the search space into a fea-
sible and an infeasible region (or regions). However,
since the number of possible combinations of three
dimensions grows exponentially with the number of
variables, it soon becomes impossible to try them all.
Therefore, we can choose a group of combinations to
be tried such that the size of this group grows linearly
with the number of variables of the problem. In order
to determine the “goodness” of a certain partition, we
have to count the number of feasible and infeasible in-
dividuals in each leaf node. A node will be considered
good as long as one of these two values (i.e., feasible
and infeasible individuals) tends to zero. For example,
let’s assume that ny is the number of feasible individ-
uals in a certain node and that n; is the number of in-
feasible individuals in that same node. Thus, a small
number min (ny,n;) in each node will indicate a good
partition. From the previous discussion, we can say
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Figure 3: Example of the partition of a 2D space using a quadtree of depth two.

that we are looking for a partition that minimizes:

A= Z min (ng, n;)

leaf nodes

Having this partition, we can continue partitioning
with the same method until reaching the maximum
allowable depth. Since we have tried several partition-
ing methods for a single node division, it is a better
choice to choose a small depth limit so that no much
time is spent in the creation of the tree.

The method described to expand nodes is only done
for nodes corresponding to semi-feasible cells, and it
stops when reaches the maximum depth of the tree.
The tree is rebuilt every time the normative part is
updated.

7 COMPARISON OF RESULTS

To validate our approach, we have used some test func-
tions from the well-known benchmark proposed in [18]
which has been often used in the literature to validate
new constraint-handling techniques. The specific test
functions used are the following:

1. g01:

Minimize:

subject to:
91(%) =
92(%)

3

93(Z)

2
2
2

21+ 222 + 10+ 211 —10<0
T1 4+ 223 + 10 + 12 — 10 <0
To + 2x3 + 11 + 12 — 10 <0
94(7) <0
95(%) <0
96(7) <0
97(%) = =224 — x5 + 210 < 0
98(7) = <0
<0

= —8z1 + z10

—8z2 + 11

= —8x3 + 12

—2x6 — T7 + 211
.

99(¥) = —2x5 — Tg + T12

where the bounds are 0 < z; <1 (i = 1,...,9),
0 < a; <100 (i = 10,11,12) and 0 < 15 < 1.

2. g04:

Minimize:

f(Z) = 5.3578547x3 + 0.8356891z 175 +

subject to:

37.293239x; — 40792.141
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91(Z) = 85.334407 4 0.0056858z2x5 +
0.0006262z124 — 0.0022053z325 — 92 < 0
92(Z) = —85.334407 — 0.0056858x 215 —
0.0006262x1z4 4+ 0.0022053z325 < 0
93(Z) = 80.51249 4 0.0071317z9z5 +
0.0029955x 122 + 0.0021813.%% —-110<0
94(Z) = —80.51249 — 0.0071317zoz5 —
0.0029955x 122 — 0.002181355‘% +90<0
95(Z) = 9.300061 + 0.0047026 325 +
0.0012547x123 4+ 0.0019085z32x4 — 25 < 0
96(Z) = —9.300961 — 0.0047026z 325 —
0.0012547x123 — 0.0019085z324 + 20 < 0

where: 78 < 27 <102, 33 < x5 <45,27 < z; <
45 (i = 3,4, 5).

3. g08
Minimize:
. sin®(27w) sin(27x2)
f(."L') = 3
x3(x1 + 2)
subject to:
a(@) = 22—2,4+1<0
gz(f) = 1—$1+($2—4)2§0

where 0 < z; <10, 0 < 25 < 10.

4. g12

Maximize:
(@) = (100 (z1—5)* = (x2—5)* — (z3—5)?) /100

subject to:

—

9(F) = (@1 —p)° + (w2 —q)” +
(3 —7)? —0.0625 <0

where: 0 < z; < 10 (¢ = 1,2,3), and p,q,7 =
1,2,...,9. The feasible region of the search
space consists of 9% disjointed spheres. A point
(z1,22,%3) is feasible if and only if there exist
P, q,r such that the above inequality holds.

The parameters used by our approach are the follow-
ing: population size = 20, maximum number of gen-
erations = 2500, the normative part is updated at ev-
ery 20 generations with the 25 % of the population
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(acceptance %), tournaments consist of 10 encounters
by individual (half the population size), the maximum
depth of the octree is equal to the number of deci-
sion variables of the problem. These parameters were
derived empirically after numerous experiments.

Our results are compared to the homomorphous maps
of Koziel & Michalewicz [12] (one of the best current
constraint-handling techniques for evolutionary algo-
rithms known to date) in Table 1. The results of Koziel
and Michalewicz were obtained with 1,400,000 fitness
function evaluations, whereas our approach required
only 50,020 fitness function evaluations.

As can be seen in Table 1, our approach produces very
good results with respect to the homomorphous maps
(which is considerably more difficult to implement) at
a fraction of its computational cost. The main rea-
son for this cost reduction is that the belief cells are
used to guide the search of the evolutionary algorithm
very efficiently, avoiding that it moves to unpromising
regions of the search space.

8 CONCLUSIONS

We have presented an approach based on cultural algo-
rithms and evolutionary programming for constrained
optimization. The approach has provided good results
at a relatively low computational cost. This suggests
that the proper use of domain knowledge may certainly
improve the performance of an evolutionary algorithm
when this is properly done. Also, it suggests that such
domain knowledge may be extracted during the evo-
lutionary process in which we aim to reach the global
optimum of a problem. This contrasts with the more
conventional approach of using domain knowledge ex-
tracted from previous runs of an evolutionary algo-
rithm (see for example [9]).

One of the main drawbacks of cultural algorithms in
constrained search spaces (i.e., memory usage) is at-
tacked using spatial data structures that can efficiently
store the belief space. Our preliminary results re-
ported in this paper indicate that the approach is a
viable alternative, although it is obviously necessary
to perform more experiments, particularly in problems
with a higher number of decision variables. Such work
is currently under way.
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Table 1: Comparison of the results for the test functions selected from [18] using 2”-trees. Our approach is
called CAEP (Cultural Algorithms with Evolutionary Programming) and Koziel & Michalewicz’s approach [12]
is denoted by KM.

BEST RESULT

MEAN RESULT

WORST RESULT

TF OPTIMAL CAEP KM CAEP KM CAEP KM

g01 -15 -15.0 -14.7864 -13.7574 -14.7082 -12.0 -14.6154
g04  -30665.539 -30665.539 -30664.5 -30665.539 -30655.3 -30665.537 -30645.9
g08 -0.095825 -0.095825 -0.095825 -0.095825  -0.0891568  -0.095825  -0.0291438
gl2 1.000 1.000 0.999999857  0.9994375 0.999134613  0.994375  0.991950498

puter Science Section of the Electrical Engineering De-
partment of CINVESTAV-IPN.
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Abstract

A stochastic Lyapunov function was used to
assess the convergence velocity of a simple
evolutionary algorithm with self-adaptation,
which searches for a maximum of a “fitness”
function. This algorithm uses two types of
parameters: “fitness” parameters belonging to
the domain of the function, and strategy
parameters, which control changes of fitness
parameters. It was shown that the convergence
velocity of the evolutionary algorithm with self-
adaptation is exponential, similar to the
convergence velocity of the  optimal
deterministic algorithm, the Fibonacci search, on
the class of unimodal functions.

1 OPTIMAL DETERMINISTIC SEARCH
ALGORITHM

Let K [Cl,b] be a class of unimodal functions
S/ [a, b] — R Let P"be a set of n-point sequential
deterministic algorithms { p,,} . A n-point algorithm P,
searches for maximum of a function f UK [a,b] by

sequentially selecting X, , based on calculation of values
F(x)sen f(x),
any f OK[a,b] and Op, let
algorithm P, on a function f be defined as

3(p,.f)=

where X ’ is a value where the function f has

where k<n. For

the error of an

X, —xf|

maximum f (X /-) = )l:IDl[?)ly(] f (y) . A guaranteed error

of the algorithm pP,on the class of functions

K [a, b] is defined as

N(p,)= sup 3(p,.f)
fOK[a,b]

An algorithm p,, is an optimal n-point sequential
deterministic algorithm, if it has the minimum
guaranteed error compared with all other algorithms
from P"

A(p,, )= inf A(p,)

p,0OP"

inf /\(pn)

p,0OP"

We denote y(n)

THEOREM (Vasilev, 1980) Fibonacci search CDn is

the only optimal algorithm on the class K[a, b] with

ZORINCREILED

wtere 1. =[(145) 2) - (15 2) ] 5

is a Fibonacci number.

2 CONVERGENCE VELOCITY OF
SUPERMARTINGALES

We use the stochastic Lyapunov function to assess the
convergence velocity of the evolutionary algorithm with
self-adaptation (Kushner, 1967; Semenov and Terkel,

1984; Semenov, 2001). If X, is a stochastic process

with values from an arbitrary state space X, then its
stochastic Lyapunov function is a numerical function

V (X t) decreasing on average along the trajectories of

the process X, ie. itisa super-martingale (Doob, 1990;

Neveu, 1964; Williams, 2000). The convergence velocity
of a super-martingale allows the assessment of the
convergence velocity of the stochastic Lyapunov
function, which in turn can be used to assess a
convergence velocity of a stochastic process itself. The
aim of this section is the Proposition 2.1 , which
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estimates the convergence velocity of a super-martingale
Let us fix a probability space (Q, A4,P ) , where Q

denotes the sample space, 4 is a g-algebra of measurable
sets and P is a probability measure, provided with an

increasing family of g-algebras A, (¢ is the discrete
time). Let (V;) be a supermartingale adapted to the
family (A,). In  Proposition 2.1 we analyse the
asymptotic behaviour of (V,) under the following

restrictions: (1) ¥, decreases on average each time by a

fixed constant ¢ > 0, (2) the variation of ¥, does not

exceed on average b > 0.

PROPOSITION 2.1. Let (Vt ) be a supermartingale,
Vy=0. If the following conditions hold

1. E"(V,

t+1

2 B (V=B (7)) ) <t

where a>0, b>0, then [] £>0 the inequality holds
asymptotically almost everywhere

V< -at +o (1)

where E™ (V,H) is a conditional expectation with

)SV—a

t

respect to a g-algebra 4.
PROOF: Let us decompose a supermartingale V. into a

sum of martingale Y and an increasing process H,
@ ¥, =Y, -H,

where
Yo =V, Y =Y, =V, -E" (Vz+1)
HO = 0: Hr+l _Hr = Vt _EAI (Vr+l)
Using inequality 1 from Proposition 2.1, £, can be

assessed as

22 H, = Z (H,-H,_)+H,=at
i=1

Let show that a martingale ¥, 0L Indeed

Y, = 2 (v.-E*(¥))+7,

i=1

and according to Inequality 2
E((7= 5 070 ) = (B (7= 52 (7)) ) <

Let K, be an increasing process in Doob’s

decomposition of a submartingale Ytz (Doob, 1990). Let
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us evaluate K, using inequality 2

K. ~K, =E" (Yt-z'-l)_Ytz =E" (Yt+l _Yt)2 =

EAI (Vt+1 - EA/ (Vt+l ))2 = b
therefore
13
23) K, <> (K, -K._)+K,<bt
i=1

i

According to (Neveu, 1964)

24 Y =5(Kt%+£) a.e. on {K, =oj

where K, = }im K, and by definition

ngdHMJWQ%%ﬁOUmmmmm
(2.3)and (2.4) & 0

2.5) Y = a(z%”)

Replacing ¥, and H, in (2.1) by (2.2) and (2.5) we
obtain
V < -—at+ a(z%”)

3 CONVERGENCE VELOCITY OF
EVOLUTIONARY ALGORITHM WITH
SELF-ADAPTATION

We now apply Proposition 2.1 to prove the convergence
of a simple evolutionary algorithm with self-adaptation
(Semenov, 2001; Semenov and Terkel, 1985) (Back et
al., 2000b; Beyer, 1995). The population consists of only

¥
one individual | X;,X, | at time ¢, which produces M

offspring according to the following formulae:

* *

(.1) R exp(ﬂt’i)

*
‘xt,i =X +xt,i5t,i

where the random variables $,; are independent and
uniformly distributed on the interval [-2,2] and &; are
independent and uniformly distributed on [-1,1]. From

the M generated rivals {(x,,,-, x,*,,-) = L--M} only one
is selected, which has a maximum f (Xt,l-) and it

*
becomes the next state (xtﬂ,xm), where

S (%)= =|l.
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Let us estimate the convergence velocity of the
evolutionary algorithm with self-adaptation (X,,xt )

Corollary 3.4 shows that the evolutionary algorithm with
self-adaptation has an exponential convergence velocity.
The convergence velocity will be estimated using
Proposition 3.1. Let us construct a stochastic Lyapunov

*
function for the process (X, s Xy ) as

X,

32 ¥V (x, x*) =In (Ex’x* (

))-kin(x')

where (x+ R xi ) is the state generated from (x, x*) .

PROPOSITION 3.1 4 stochastic process
V.=V (x, > x,* ) , defined by (3.2), is a supermartingale
and Ua> 0, b >0 such that inequalities

1. EM* (V (x+,xi)) <V (x,x*)— a

2 E. ([V(x+,xi) -E_ (V(x+,xi))]2j <b

hold. E_ . (V (x+ X, )) is a conditional expectation.

PROOF: 1). It can be shown that
(Vo) ¥ (o) =
(7 ) (5 1)

The function

G(x) =E, (V(X+,x:)) - V(X,l) was investigated

numerically (see Appendix) and it was

that > 0:0xOR G(x)s -a .

shown

2). The second inequality is a direct deduction from the
fact that both

Ex,x* ([ln E‘x“xfr (x++|) _Ex,x* (ln E‘xﬂx’:r (|x+|)):|2)
and £ . ([ln (xi ) —E_. In (xi )]2 ) are

bounded and the Cauchy-Schwarz integral inequality

[ ()] =[£(r7)][£ ()]
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COROLLARY 3.3 The following inequality for the
process V, =V (x,, x,) defined by (3.2)
|
V. <-at +6(t4”)

holds asymptotically almost everywhere.

COROLLARY 3.4 Evolutionary algorithm with self-
adaptation (xt,x,* ) converges to (0, 0) almost

everywhere; moreover the following inequalities

|x,|< exp (-at), x, < exp(-at)

hold asymptotically almost everywhere.

PROOQOF: Using formula (3.2) and Corollary 3.3 we can
conclude that the following inequality

Ex,,xf (|x;+1|)/x:k <exp (—at + 5(t1/2+s))

holds asymptotically almost everywhere. Taking into
account that LJZ 0

Ex,,xf ( ) = X:Exr/x;,l (|xt+1
(3.6) to

(3.6)

X

.
41 ) 2 Jx, , we can transform

x < exp (—at){y"/"k exp(—

1 fk r+ o—(t‘/z”)ﬂ

The expression in the square brackets is less then 1 for
large ¢, therefore the inequality

x; <exp(-at)

holds asymptotically almost everywhere. The second
inequality can be proved similarly.
0

4 CONCLUDING REMARK

In Section 3 by assessing a convergence velocity of the
evolutionary  algorithm with self-adaptation, we
automatically proved its convergence. This proof is
independent from the technique described in (Semenov,
2001).

Evolutionary algorithms with self-adaptation can be
considered as universal methods for optimum search and
can be used for solving optimisation problems of high
complexity where heuristic deterministic procedures are
difficult to develop (Back et al., 2000a). Universality of
evolutionary algorithms with self-adaptation is achieved
by allowing control parameters evolve along with the
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“fitness” parameters by an indirect effect of selection
(Semenov and Terkel, 1985). Although stochastic search
algorithms in general are less effective than deterministic
ones, an evolutionary algorithm with self-adaptation has
an exponential convergence velocity, which results from
the co-evolution of control and “fitness” parameters. The
Fibonacci search, the optimal deterministic search
algorithm (Section 1), has an exponential convergence
velocity | x,~ x,| < Be ™ with @ =0.48 . The

evolutionary algorithm with self-adaptation has
a = 0.09 (note that 7 is a number of times f was

calculated, therefore, n=t*M for the evolutionary
algorithm).
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APPENDIX

Let us show that Lla> 0: G (x) < —a . Because of

apparent difficulties in dealing with this function
analytically , we assess it numerically using the Monte-
Carlo method. Let us decompose the function

G(x) =E, (V(x+,x:)) —V(x, 1) =V (x) +V (x)

)) —In (EX,l
and V,(x)=-kE,  In (xi) . Note, that

Ex’x»
E,

« | X

X4 Xy

X

++ +

where V] (x) =E,, (ln (E

)

*
X, | =X EX/X*’1 and

Y+

2
x+|:ECzl|x+|+x—e2 Ox> e

Also note, that £ In (x:) =const >0 Ox=>e’.

Q1 V,

05 \'

Figure 1. Functions V,V, and G were

calculated by the Monte-Carlo methods for
the number of offspring M=5. A logarithmic
scale is used for the x-axis.
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Results of Monte-Carlo calculations for the number of
offspring M=5 are presented on Figure 1, k=0.1
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Abstract

Given the explosive growth of data col-
lected from current business environment,
data mining can potentially discover new
knowledge to improve managerial decision
making. We propose a novel data mining ap-
proach that employs evolutionary program-
ming to discover knowledge represented in
Bayesian networks and apply the approach
to marketing data. There are two different
approaches to the network learning problem.
The first one uses dependency analysis, while
the second approach searches good network
structures according to a metric. Unfortu-
nately, the two approaches both have their
own drawbacks. Thus, we propose a novel
hybrid of the two approaches. With this new
idea, we endeavor to improve upon our pre-
vious work, MDLEP, which uses evolution-
ary programming for network learning. We
also introduce a new operator to further en-
hance the search efficiency. We conduct a
number of experiments and compare the hy-
brid approach with MDLEP. The empirical
results illustrate that the approach improves
over MDLEP.

1 INTRODUCTION

Conventional marketing research is a process in which
data are analyzed manually to explore the relation-
ships among various factors defined by the researcher.
Even with powerful computers and versatile statistical
software, many hidden and potentially useful relation-
ships may not be recognized by the analyst. Nowa-
days, such problems are more acute as many businesses
are capable of generating and collecting a huge amount
of data in a relatively short period. The explosive
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Shatin, Hong Kong
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Kwong Sak Leung
Department of Computer Science
and Engineering, CUHK,
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growth of data requires a more efficient way to extract
useful knowledge. Through data mining, marketing
researchers can discover complex relationships among
various factors and extract meaningful knowledge to
improve the efficiency and quality of managerial deci-
sion making. In this paper, we propose a novel data
mining approach that employs evolutionary program-
ming to discover knowledge represented in Bayesian
Networks and apply the approach to marketing data.

A Bayesian network is a graphical representation that
depicts conditional independence among random vari-
ables in the domain and encodes the joint probability
distribution [1]. With a network at hand, probabilis-
tic inference can be performed to predict the outcome
of some variables based on the observations of others.
Therefore, Bayesian networks are often used in diag-
nostic systems [2].

Typically, a Bayesian network is constructed by elicit-
ing knowledge from domain experts. To reduce impre-
cision due to subjective judgements, some researchers
propose methods to construct Bayesian networks from
collected data. In the literature, there are two main
approaches to this network learning problem [3]. The
first one is the dependency analysis approach [4, 3].
Since a Bayesian network describes conditional inde-
pendence, we could make use of dependency test re-
sults to construct a Bayesian network that conforms
to our findings. The second one, called the score-and-
search approach [5, 6, 7], uses a metric to evaluate
a candidate network structure. With the metric, a
search algorithm is employed to find a network struc-
ture having the best score. Thus, the learning problem
becomes a search problem. Unfortunately, the two ap-
proaches both have their own drawbacks. For the for-
mer approach, an exponential number of dependency
tests should be performed. Moreover, some test results
may be inaccurate [4]. For the latter approach, the
search space is huge. Therefore, some algorithms [5]
adopt greedy search heuristics which may easily make
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the algorithms get stuck in a local optimum [7].

In this work, a hybrid framework is developed for the
network learning problem. Simply put, dependency
analysis results are used to reduce the search space
of the score-and-search process. With such reduction,
the search process would take less time for finding the
optimal solution.

Together with the introduction of a new operator and
some modifications of our previous work, MDLEP, we
call our new approach HEP (hybrid MDLEP). We
have conducted a number of experiments and com-
pared HEP with MDLEP. The empirical results illus-
trate that HEP improves over MDLEP. Moreover, it
is found that HEP executes much faster than MDLEP
which is very important for real-world applications.

This paper is organized as follows. In section 2, we
present the backgrounds of Bayesian networks, the
MDL metric, and MDLEP. In section 3, we describe
our algorithm in detail. In sections 4 and 5, we report
our experimental findings. We conclude the paper in
section 6.

2 LEARNING BAYESIAN
NETWORKS FROM DATA

2.1 BAYESIAN NETWORKS

A Bayesian network, G, has a directed acyclic graph
(DAG) structure. Each node in the graph corresponds
to a discrete random variable in the domain. An edge,
X « Y, on the graph, describes a parent and child
relation in which X is the child and Y is the parent.
All parents of X constitute the parent set of X which
is denoted by IIx. In addition to the graph, each node
has a conditional probability tables (CPT) specifying
the probability of each possible state of the node given
each possible combination of states of its parent. If a
node contains no parent, the table gives the marginal
probabilities of the node [1].

Since Bayesian networks are founded on the idea of
conditional independence, it is necessary to give a brief
description here. Let U be the set of variables in the
domain and let P be the joint probability distribution
of U. Following Pearl’s notation, a conditional inde-
pendence (CI) relation is denoted by I(X, Z,Y") where
X, Y, and Z are disjoint subsets of variables in U.
Such notation says that X and Y are conditionally in-
dependent given the conditioning set, Z. Formally, a
CI relation is defined with:

P(z,y|z)=P(x|z) whenever

P(y,z) >0 (1)

where z, y,and z are any value assignments to the set
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of variables X, Y, and Z respectively. A CI relation
is characterized by its order, which is the number of
variables in the conditioning set Z.

As mentioned before, researchers treat the network
learning problem in two very different ways. The first
approach tries to construct a Bayesian network us-
ing dependency information obtained from the data.
By assuming that P is faithful to a Bayesian network
G [4], we could add or remove edges from G according
to the discovered conditional independence relations.
Given the sets of variables, X, Y, and Z, we could
check the validity of I(X,Z,Y") by performing statis-
tical test, called CI test. The major problem of this
approach is that it is difficult to know if two nodes
are conditionally dependent [4]. Furthermore, when a
high-order CI relation is tested in a small data set, the
test result may be unreliable [4]. The second approach
makes use of a metric which evaluates the quality of
a Bayesian network with respect to the given data.
Such metric may be derived from information theory,
Bayesian statistics, or Minimum Description Length
principle (MDL). With the metric, the network learn-
ing problem becomes a search problem. Unfortunately,
since the search space is huge, the search problem is
difficult [7].

2.2 THE MDL METRIC

The MDL metric [6] is derived from information the-
ory and incorporates the Minimum Description Length
principle. With the composition of the description
length for network structure and the description length
for data, the MDL metric tries to balance between
model accuracy and model complexity. Hence, the
best network needs to be both accurate and sim-
ple. Using the metric, a better network would have
a smaller score. Similar to other metrics, the MDL
score for a Bayesian network, G, is decomposable [7)
and could be written as in equation 2. Let U =
{N1,...,N,} be the set of nodes and let Iy, denotes
the parent set of node N;. The MDL score of the net-
work is simply the summation of the MDL score of
IIn, of every node N; in the network.

MDL(G) = > MDL(N;, Ty, (2)
N;eU

2.3 MDLEP

Our previous work [8], called MDLEP, belongs to the
score-and-search approach in which we use the MDL
metric together with evolutionary programming (EP)
for searching a good network structure. An individ-
ual in the search population is a candidate network
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structure. An outline of the algorithm is presented as
follows:

1. Set t, the generation count, to 0.

2. Create an initial population, Pop(t) of m random
DAGs (m is the population size.)

3. Each DAG in the population is evaluated using
the MDL metric.

4. While ¢ is less than the maximum number of gen-
erations,

e Each DAG in Pop(t) produces one offspring
by performing a number of mutation oper-
ations. Four different mutation operators,
simple mutation, reverse mutation, move mu-
tation, and knowledge-guided mutation are
used. If there is cycle, a randomly picked
edge in the cycle is removed.

e The DAGs in Pop(t) and all new offspring
are stored in the intermediate population
Pop'(t). The size of Pop/(t) is 2*m.

e Conduct a number of pairwise competitions
over all DAGs in Pop/(¢). For each G; in the
population, g other individuals are selected.
The fitness of G; is compared against the ¢
individuals. The score of G; is the number of
individuals (out of ¢) that are worse than G;.

e Select the m highest score individuals from
Pop'(t) with ties broken randomly. The indi-
viduals are stored in Pop(t + 1).

e increment t by 1.

5. Return the individual that has the lowest MDL
metric in any generation of the run as the output
of the algorithm.

When comparing MDLEP against another approach
using GA [9], it is found that MDLEP generally out-
performs its opponent.

3 HYBRID MDLEP (HEP)

Although MDLEP outperforms its GA opponent, its
efficiency can be enhanced by employing a number of
strategies. First, a hybrid approach is introduced so
that the knowledge from dependency tests is exploited
during searching. Second, previous search results are
reused through a new merge operator. Third, in con-
trast to MDLEP where repairing is needed, the for-
mation of cycle is avoided altogether when producing
new individuals.

EVOLUTIONARY COMPUTING

Since a hybrid approach is adopted in Bayesian net-
work learning, this approach is called HEP (hybrid
MDLEP). In the following subsections, the ideas will
be discussed in detail.

3.1 A HYBRID APPROACH

In dependency analysis approach, CI test is typically
used to check the validity of a conditional indepen-
dence assertion I(X, Z,Y") of any given two nodes X,
Y and a conditioning set Z. Assume that the x? test is
employed, the assertion is modeled as the null hypoth-
esis. A x? test generates a p-value, ranges between 0
and 1, which shows the least level of significance for
which the given data leads to the rejection of the null
hypothesis. In effect, if the p-value is less than a pre-
defined cutoff value, «, the hypothesis I(X,Z,Y) is
rejected. Otherwise, if the p-value is greater than or
equal to a, the hypothesis could not be rejected and
I(X,Z,Y) is assumed to be valid. Consequently, this
implies that the two nodes, X and Y, cannot have a
direct edge between them. In other words, the edges
X «+ Y and X — Y cannot exist in the resultant
network.

With such observation, a hybrid framework for learn-
ing Bayesian networks is formulated which consists of
two phases. In the first phase, low-order CI tests are
conducted so that some edges could be removed. Only
low-order CI tests are performed because their results
are more reliable than higher order tests and the time
complexity is bounded. In the second phase, a score-
and-search approach is used together with the knowl-
edge obtained previously. In particular, the search
space is limited by excluding networks that contain
the edges X «+ Y or Y — X for which I(X,Z)Y) is
assumed to be valid. Since the search space is reduced,
the learning problem becomes easier and less time will
be needed for finding the best network.

This idea could be applied readily in MDLEP. After
obtaining the test results, all candidate networks hav-
ing invalid edges are prevented from being generated.

Although such formulation can work fine, it must be
emphasized that the choice of « has a critical impact.
If improper « is used, in the worst case, either all edges
are pruned away or all edges are retained. Hence, al-
though it is possible to impose the restrictions from CI
tests as global constraints, there is the risk of assuming
our choice of a is appropriate.

As an alternative, a novel realization of the hybrid
framework is developed in which a different a is used
for each individual in the population. Thus, each in-
dividual has, besides the network structure, a cutoff
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value a which is also subjected to be evolved. As
the evolutionary search proceeds, individual having an
improper value of a will eventually be eliminated. In
general, small value of a implies more constraints (less
likely to reject an hypothesis) and results in a more re-
stricted search space. Hence, if the value of a of an
individual is too small which excludes some important
edges, the individual will have a greater chance of be-
ing eliminated. On the other hand, if the value of «
of an individual is too large, it is less likely to find
the right edge (because there are many wrong alter-
natives) for its offspring. Consequently, the individual
will also have a higher chance of being eliminated.

This idea is implemented in the first phase by storing
the largest p-value returned by the CI tests for every
possible conditioning set, Z (restricted to order-0 and
all order-1 tests) in a matrix, Pv. In the second phase,
for a given individual GG; in the population with associ-
ated cutoff value o, an edge X <+ Y cannot be added
if Puxy is greater than «; (i.e. I(X, Z,Y) is assumed
to be valid). The value of each «; is randomly initial-
ized in the beginning. In subsequent generations, an
offspring will inherit the cutoff value from its parent
with a possible increment or decrement by A,.

3.2 THE MERGE OPERATOR

In addition to the four mutation operators, a new op-
erator called merge is introduced. Taking a parent net-
work GG, and another network Gy as input, the merge
operator attempts to produce a better network struc-
ture (in terms of MDL score) by modifying G, with
Gyp. If no modification can be done, GG, is returned.

Let M denotes the MDL score of the parent set II%.
of node N; € U in the network G,. Recalling that the
MDL score is decomposable and a network is an ag-
glomeration of Iy, (for i = 1,...,n). Thus, given two
input networks G, and Gy, a better network, Gc, could
be generated by selecting I1%,, from I1%;. or IT% so that
(1) there is no cycle in G, and (2) the sum ZN cv Mf
is less than Y 5 o, M or Y oy MP. With such
observation, the merge operator is devised which is
an heuristic for finding a subset of nodes, W cC U,
with which 11 are replaced with 1% in G, for ev-
ery N; € W. Meanwhlle the replacement would not
create cycles and has a MDL score smaller than that
of G,.

For the two input networks G, and G}, the merge
procedure produces a node ordering by sorting §; =
Mg — M} in descending order. Since positive §; means
that H?vl- is better than II%., the procedure follows
the ordering in considering the replacement of IIg;.
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Procedure merge(G,, Gbp)

1. Find §; = M2 — M} for every node N; € U.

2. Produce a node ordering L by sorting §; in de-
scending order.

3. While there are nodes in L that have not been
considered,

e Get the next node, IV;, from L which is un-
considered.

e Invoke findSubset (/N;) which returns W’'.

e Sum ¢; for every node N; € W'.

e If the sum is positive, mark every node N; €
W' in L as considered. Insert W' to W.

4. Replace 1T}, with I1% for every N; € W.

with H?vl Beginning with the first node, N;, in the
ordering, the merge procedure invokes the procedure
findSubset (V;) to find a subset of nodes W' such
that by replacing I1§ with I} for every N; € W' in
G, the resultant graph is still acyclic.

After obtaining W', the merge procedure calculates
the sum ZN ey 0. If the sum is positive, it inserts
W' into W and removes W' from the ordering. The
procedure repeatedly examines the next node in the
ordering until all nodes are considered. Finally, the
procedure replaces II%, with H?\,j in G, for every N; €
w.

Essentially, the merge operator increases the efficiency
in several ways. Since the score of the composite net-
work can be readily calculated, it is not necessary to
invoke the procedure for MDL score evaluation which
is time-consuming. Thus, the merge operator offers
an economical way to create new structures. Fur-
thermore, the operator improves the search efficiency
by creating more good individuals in each generation.
In our current implementation, the operator merges
networks at the current population with dumped net-
works from the last generation. Thus, it reuses the
search results obtained in previous generations.

3.3 PREVENTION OF CYCLE
FORMATION

Since MDLEP consumes much time in repairing net-
works that contain cycles, HEP prevents cycle forma-
tion in all candidate networks to handle this problem.
HEP maintains the connectivity matriz containing the
count, of directed paths between every pair of nodes.
If X - .- - Y exists in a network, HEP forbids
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adding the edge X + Y to the network. The matrix
is updated when an edge is added or removed.

3.4 THE ALGORITHM

The algorithm of HEP is presented as follows:

CI test Phase
For every pair of nodes (X,Y),

e Perform order-0 and all order-1 CI tests.

e Store the highest p-value in the matrix Puv.
Evolutionary Programming Search Phase

1. Set t, the generation count, to 0.
2. Initialize the value of m, the population size.

3. For each individual in the population Pop(¢),

e initialize the a value randomly.
e refine the search space by checking the «
value against the Pv matrix.

e Inside the reduced search space, create a
DAG randomly.

4. Each DAG in the population is evaluated using
the MDL metric.

5. While ¢ is less than the maximum number of gen-
erations,

e select m/2 individuals from Pop(t), the rest
are marked “NS” (not selected)
e For each of the selected ones,

— merge with a random pick from the
dumped half in Pop’(t — 1).

— If merge does not produce a new struc-
ture, mark the individual with “NS”

— otherwise, regard the new structure as an
offspring.

e For each individual marked “NS”,

— produce an offspring by cloning.

— alter the a value of the offspring by a pos-
sible increment or decrement of A,.

— refine the search space by checking the a
value against the Pv matrix.

— change the structure by performing a
number of mutation operations. Note
that cycle formation is prohibited.

e The DAGs in Pop(t) and all new offspring
are stored in the intermediate population
Pop’(t). The size of Pop/(t) is 2*m.

EVOLUTIONARY COMPUTING

e Conduct a number of pairwise competitions
over all DAGs in Pop'(t). For each DAG G;
in the population, ¢ other individuals are se-
lected. The fitness of G; is compared against
the ¢ individuals. The score of G; is the num-
ber of individuals (out of ¢) that are worse
than Gz

o Select the m highest score individuals from
Pop'(t) with ties broken randomly. The indi-
viduals are stored in Pop(t + 1).

e increment t by 1

6. Return the individual that has the lowest MDL
metric in any generation of a run as the output of
the algorithm.

4 COMPARISON WITH MDLEP

In our experiments, we compare HEP against MDLEP
on a number of data sets. We use the data sets that
are generated from two benchmark networks, ALARM
and PRINTD which also appear in [8]. There are data
sets of sizes 1,000, 2,000, 5,000, and 10,000 for ALARM
and one data set of 5,000 cases for PRINTD. Since
both algorithms are stochastic in nature, we have con-
ducted 40 trials for each experiment. The programs
are executed on the same Sun Ultra-5 workstation. For
HEP, we set A, to be 0.02. For both algorithms, the
population size is 50 and the tournament size (q) is
7. We use 5000 generations as the common termina-
tion criterion and the maximum size of parent set is
set to be five. We compare the performance under five
different aspects:

e average MDL score obtained, the smaller the bet-
ter (Score),

e average running time in seconds (Time),

e average score of the first generation solution (I-
Score),

e average generation that the best-so-far is found
(ANG),

e average number of edges added, omitted or re-
versed in compared to the original structure

(ASD).

Table 1 provides a summary of the performance com-
parison between the two algorithms. The MDL score
of the original network is also included (just below
the name of each data set) as reference. Numbers in
parentheses are the standard deviations.

For all data sets, HEP could always find better or
equally good network structures in terms of both MDL
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Table 1 Performance comparison between the two algorithms over different data sets
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score and structural difference. Hence, under the same
termination criterion, it suggests that HEP is more
efficient than MDLEP. Moreover, our approach con-
sumes much less time than MDLEP. In some case, the
saving is so great that HEP has nearly an eight-fold
speedup. Hence, HEP is more favorable to MDLEP
for real world practice. Since we have adopted the
hybrid framework for creating the initial population,
HEP usually has a better starting point than MDLEP
as reflected by I-score.

5 APPLICATION IN DATA
MINING

In this section, HEP is applied to a data mining prob-
lem in direct marketing. The objective of the prob-
lem is to predict potential prospects from the buying
records of previous customers. Advertising campaign,
which includes mailing of catalogs or brochures, is then
targeted on the group of potential prospects. Hence,
if the prediction is accurate, it can help to enhance
the response rate of the advertising campaign and in-
crease the return of investment (ROI). The direct mar-
keting problem is similar to the classification problem.
However, rather than producing a clear cut between
potential buyers from non-buyers, the direct market-
ing problem requires ranking the customer database
according to the likelihood of purchase [10]. Since
Bayesian networks can estimate the posterior probabil-
ity of an instance (a customer) belonging to a partic-
ular class (buyer or non-buyer), they are particularly
suitable for handling the direct marketing problem.

5.1 THE DIRECT MARKETING
PROBLEM

Direct marketing concerns communication with
prospects hoping to eliciting response from them. In
contrast to the mass marketing approach, direct mar-
keting is often targeted on a group of individuals that
are potential buyers and are likely to give a response.

In a typical scenario, we often have a huge list of po-
tential prospects. This list could be records of exist-
ing customers or data bought from list brokers. But
among the huge list, there are usually few real buyers
which amount to only one or two percents [10]. Since
the budget of a campaign is limited, it is important
to target the effort on potential buyers so that the re-
sponse rate could be improved.

With the advancement of computing and database
technology, people seek for computational approaches
to assist in decision making. From the data set that
contains demographic details of customers, the objec-
tive is to develop a response model and use the model
to predict potential buyers. In certain sense, response
models are similar to classifiers in the classification
problem. However, unlike a classifier which makes a
dichotomous decision (i.e. active or non-active), a re-
sponse model needs to score each customer in the data
set with the likelihood of purchase. The customers are
then ranked according to the score. A ranked list is
desired because it allows decision makers to select the
portion of customers to roll out to [11]. For instance,
out of the 200,000 customers on the list, we might wish
to send out catalogs or brochures to the most promis-
ing 20% of customers so that the advertising campaign
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is cost-effective. Hence, one way to evaluate a response
model is to look at its performance at different depth-
of-file. In the literature, there are various approaches
proposed for building response models [12, 13, 14].

5.2 EXPERIMENT

Because Bayesian networks can estimate the proba-
bility of belonging to certain class(es), they are also
suitable to handle the direct marketing problem. By
assuming the estimated probability to be equal to the
likelihood of purchase, a Bayesian network is readily
applicable to the direct marketing problem. Thus, it
is interesting to evaluate the empirical performance of
Bayesian network response models. Specifically, we
compare the performance of the models evolved by
HEP with those obtained by MDLEP.

5.2.1 Experiment Methodology

The response models are evaluated on a real-life data
set. The data set contains records of customers of
a specialty catalog company, which mails catalogs to
good customers on a regular basis. There is a total
of 106,284 customers in the data set and each entry is
described by 278 attributes.

Typical in any data mining process, it is necessary
to reduce the dimension of the data set by selecting
the attributes that are considered relevant and nec-
essary. Towards this feature selection process, there
are many possible options. For instance, we could
use either a wrapper selection process or a filter se-
lection process [15]. In a wrapper selection process,
different combinations are iteratively tried and evalu-
ated by building an actual model out of the selected
attributes. In a filter selection process, certain evalu-
ation function, which is based on information theory
or statistics, is defined to score a particular combina-
tion of attributes. Then, the final combination is ob-
tained in a search process. In this experiment, we have
manually selected nine attributes, that are relevant to
prediction, out of the 278 attributes.

To compare the performance of different response
models, we use decile analysis which estimates the en-
hancement of the response rate for marketing at differ-
ent depth-of-file. Essentially, the ranked list is equally
divided into ten deciles. Customers in the first decile
are the top ranked customers that are most likely to
give response. On the other hand, customers in the
tenth decile are ranked lowest. Then, a gains table
is constructed to describe the performance of the re-
sponse model. In a gains table, we tabulate various
statistics at each decile, including [10]:

Percentage of Active The actual percentage of ac-
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tive respondents in the decile.

Lift Lift is calculated by dividing the percentage of
active respondents by the response rate of the
file. Intuitively, it estimates the enhancement by
the response model in discriminating active re-
spondents over a random approach for the current
decile.

Cumulative Lift The cumulative lift is calculated by
dividing the cumulative percentage of active re-
spondents by the response rate. Intuitively, this
evaluates how good the response model is for a
given depth-of-file over a random approach.

5.2.2 Cross-Validation Result

To make a comparison concerning the robustness of the
response models, we adopt a cross-validation approach
for performance estimation. Specifically, we employ a
10-fold cross-validation where the ten folds are parti-
tioned randomly. In Tables 2 and 3, the experimental
results for the models evolved by MDLEP and those
obtained by HEP are shown respectively. We collect
the statistics on the percentage of active response, lift,
and cumulative lift at each decile averaged over the ten
runs. The numbers after the “+” sign are the standard
deviations. Table 2 indicates the first two deciles have
cumulative lifts of 377.2 and 287.4 respectively, sug-
gesting that by mailing to the top two deciles alone,
the MDLEP models generate over twice as many re-
spondents as a random mailing without a model. How-
ever, the lift in the third decile declines sharply to 86.1,
which is lower than the next decile (139.4). The lifts in
the fifth, seventh, and tenth deciles decrease sharply
to 3.2, 0.7, and 0.4, respectively. This phenomenon
suggests instability in the models. The results in Ta-
ble 3 show that the HEP models have a cumulative
lift of 392.4 in the top decile, higher than that of the
MDLEP models. The HEP models are more stable
because there is no sudden drop in lifts in all deciles.

[ Decile ][ Percent Actives | Lift [ Cum. Lift |
1 20.39% + 1.14% 377.2 + 20.04 377.2 + 20.04
2 10.71% + 1.64% 197.4 £+ 26.17 287.4 £+ 6.90
3 4.67% + 0.75% 86.1 + 15.04 220.4 £+ 2.84
4 7.53% £ 0.60% 139.4 £+ 14.80 200.0 £+ 4.57
5 0.18% =+ 0.38% 3.2 + 6.89 160.6 + 3.37
6 5.31% £ 0.75% 97.7 + 13.33 150.1 £ 2.47
7 0.04% + 0.12% 0.7 £ 2.21 128.7 £ 2.11
8 2.81% £ 0.51% 51.2 + 7.48 118.7 £ 0.95
9 2.34% + 0.47% 42.9 + 7.55 110.9 £ 0.32
10 0.03% =+ 0.09% 0.4 &+ 1.26 100.0 £+ 0.00
Total 5.40% £ 0.22%

Table 2: Result of the MDLEP model.

Since an advertising campaign often involves huge in-
vestment, a response model which can categorize more
potential prospects into the target list, which amount



EVOLUTIONARY COMPUTING

[ Decile [ Percent Actives | Lift [ Cum. Lift |
1 21.21% + 1.34% 392.4 + 19.36 392.4 + 19.36
2 9.88% + 0.87% 182.3 4+ 12.48 287.3 + 6.18
3 5.69% + 0.64% 105.1 4+ 12.60 226.7 + 6.15
4 4.84% 4+ 0.63% 89.3 4+ 13.37 192.2 + 3.94
5 3.47% £ 0.78% 63.8 + 13.80 166.6 £+ 3.17
6 2.96% + 0.72% 54.1 & 12.91 147.7 £ 1.34
7 2.07% £ 0.51% 37.8 + 8.69 132.2 £ 0.92
8 1.58% + 0.27% 28.6 + 4.65 119.2 + 1.03
9 1.38% + 0.36% 25.0 + 7.06 108.8 + 0.42
10 0.92% + 0.28% 16.6 + 5.13 100.0 £ 0.00
Total 5.40% £ 0.22%

Table 3: Result of the HEP model.

to the first few deciles, is useful as it will enhance
the response rate. From the experimental results, it
seems that the HEP models are more desirable than
the MDLEP models.

6 CONCLUSION

In this paper, we have reported a hybrid framework
for learning Bayesian networks and have incorporated
the ideas into HEP. In addition, we have also devised
a new operator and modified a weakness of MDLEP.
As experimental results suggest, our new approach
(HEP) is much more efficient than MDLEP. Most im-
portantly, we note that the new approach provides a
tremendous speedup.

We apply HEP to a data set of marketing and com-
pare the models obtained by HEP and those pro-
duced by MDLEP. From the experimental results, the
HEP models predict more accurately than the MDLEP
models.

In our current implementation, we change the cutoff
value of an offspring by arbitrarily increasing or de-
creasing a fixed value of A, from the parent’s value.
However, it is also possible to use an adaptive muta-
tion strategy such that the A, will become smaller as
time proceeds. In effect, the search space is gradually
stabilized which may lead to a further speed up. In
future, we will explore this and other alternatives that
are worth investigating.

Acknowledgments

This research was partially supported by the RGC Ear-
marked Grant LU 3012/01E.

References

[1] J. Pearl, Probabilistic Reasoning in Intelligent Sys-
tems: Networks of Plausible Inference. Morgan Kauf-
mann, 1988.

[2] F. V. Jensen, An Introduction to Bayesian Network.
University of College London Press, 1996.

221

[3] J. Cheng, D. A. Bell, and W. Liu, “Learning Bayesian
networks from data: An efficient approach based on
information theory,” in Proceedings of the Sizth ACM
International Conference on Information and Knowl-
edge Management, (Las Vegas, Nevada), pp. 325-331,
ACM, November 1997.

[4] P. Spirtes, C. Glymour, and R. Scheines, Causation,
Prediction, and Search. MA: MIT Press, second ed.,
2000.

[5] E. Herskovits and G. Cooper, “A Bayesian method
for the induction of probabilistic networks from data,”
Machine Learning, vol. 9, no. 4, pp. 309-347, 1992.

[6] W. Lam and F. Bacchus, “Learning Bayesian belief
networks-an approach based on the MDL principle,”
Computational Intelligence, vol. 10, no. 4, pp. 269-
293, 1994.

[7] D. Heckerman, “A tutorial on learning Bayesian net-
works,” tech. rep., Microsoft Research, Advanced
Technology Division, March 1995.

[8] M. L. Wong, W. Lam, and K. S. Leung, “Using
evolutionary programming and minimum description
length principle for data mining of Bayesian net-
works,” IEEE Transactions on Pattern Analysis and
Machine Intelligence, vol. 21, pp. 174-178, February
1999.

[9] P. Larraniaga, C. Kuijpers, R. Mura, and Y. Yurra-
mendi, “Structural learning of Bayesian network by
genetic algorithms: A performance analysis of control
parameters,” IEEE Transactions on Pattern Analy-
sis and Machine Intelligence, vol. 18, pp. 912-926,
September 1996.

O. P. Rud, Data Mining Cookbook: modeling data
for marketing, risk and customer relationship man-
agement. New York: Wiley, 2001.

[10]

[11] J. Zahavi and N. Levin, “Issues and problems in ap-
plying neural computing to target marketing,” Jour-
nal of Direct Marketing, vol. 11, no. 4, pp. 63-75, 1997.
[12] L. A. Petrison, R. C. Blattberg, and P. Wang,
“Database marketing: Past present, and future,”
Journal of Direct Marketing, vol. 11, no. 4, pp. 109—
125, 1997.

[13] S. Bhattacharyya, “Evolutionary algorithms in data
mining: Multi-objective performance modeling for di-
rect marketing,” in Proceedings of the Sizth Interna-
tional Conference on Knowledge Discovery and Data
Mining, pp. 465-473, August 2000.

C. X. Ling and C. Li, “Data mining for direct mar-
keting: Problems and solutions,” in Proceedings of the
Fourth International Conference on Knowledge Dis-
covery and Data Mining, pp. 73-79, 1998.

[14]

[15] M. Singh, Learning Bayesian Networks for Solving
Real-World Problems. PhD thesis, University of Penn-

sylvania, 1998.






	038.pdf
	1 OPTIMAL DETERMINISTIC SEARCH ALGORITHM
	Let � be a class of unimodal functions �. Let �be a set of n-point sequential deterministic algorithms �. A n-point algorithm� searches for maximum of a function� by sequentially selecting �, based on calculation of values �, where �. For any� let  the e
	�
	2 CONVERGENCE VELOCITY OF SUPERMARTINGALES
	4 CONCLUDING REMARK
	APPENDIX
	Also note, that �.
	Results of Monte-Carlo calculations for the number of offspring M=5 are presented on Figure 1,
	References


